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We investigate instability of 4-dimensional Reissner-Nordstrom-anti-de Sitter (RN-AdS4.) black 
holes with various topologies by charged scalar field perturbations. We numerically find that the 
RN-AdS4 black holes become unstable against the linear perturbations below a critical temperature. 
It is analytically shown that charge extraction from the black holes occurs during the unstable 
evolution. To explore the end state of the instability, we perturbatively construct static black hole 
solutions with the scalar hair near the critical temperature. It is numerically found that the entropy 
of the hairly black hole is always larger than the one of the unstable RN-AdS4 black hole in the 
microcanonical ensemble. Our results support the speculation that the black hole with charged 
scalar hair always appears as the final fate of the instability of the RN-AdS4 black hole. 
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I. INTRODUCTION 

Motivated by a holographic model of superconduc- 
tors, there has been renewal of interest in the Einstcin- 
Maxwell-scalar system in asymptotically anti-de Sitter 
spacetime. The model is constructed by a gravita- 
tional theory of a charged complex scalar field coupled 
to the Maxwell field (for review, see Refs. [H-Q) via 
AdS/CFT (anti-de Sitter/conformal field theory) dual- 
ity Hi- According to the AdS/CFT dictionary, a conden- 
sate in the holographic superconductor is described by a 
hairly black hole dressed with the charged scalar field. It 
was numerically found that the hairly black hole exists 
below a critical temperature T c in the plane-symmetric 
spacetime and the phase transition is second-order 

For a gravity system minimally coupled with a neutral 
scalar field, it is well known that the scalar field perturba- 
tion with mass satisfying Brcitcnlohner-Freedman (BF) 
bound does not cause any instabilities of AdS space- 
time @. So, even though a black hole solution with the 
scalar hair exists in asymptotically AdS spacetime Q, 
Schwarzschild-AdS (Sch-AdS) spacetime should be sta- 
ble against the scalar field perturbations if BF bound is 
satisfied. In 4 and 5-dimensional TV = 8 gauged super- 
gravities, this speculation was supported by the numeri- 
cal calculation that the entropy of the Sch-AdS black hole 
is larger than the one of the hairly black hole in the micro- 
canonical ensemble . In this paper we investigate how 
this picture is modified in the gravity system minimally 
coupled with a charged scalar field with mass satisfying 
BF bound. As discussed in Ref. M, RN-AdS black hole 
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with low temperature may be unstable against the per- 
turbation of the charged scalar field since the effective 
mass of the scalar field is negative near the horizon. So, 
we naively expect that a black hole with the scalar hair 
appears as the final fate of the instability even though 
BF bound is satisfied. 

In AdS spacetime, the Dirichlet boundary condition 
is usually imposed at spatial infinity when we consider 
the dynamical evolution. Under the boundary condition, 
energy flux and charge current do not enter through the 
infinity, and therefore, the total mass and charge of the 
spacetime are conserved during the dynamical evolution. 
So, if RN-AdS 4 black hole evolves to the hairly black 
hole as the end state of the instability, the entropy of the 
hairly black hole should be larger than the one of RN- 
AdS 4 black hole in the microcanonical ensemble due to 
the second law of black hole. 

To explore the above speculation we first investigate in- 
stability of RN-AdS 4 black holes with various topologies 
of horizon by charged complex scalar fields with various 
mass satisfying BF bound. Second, we numerically show 
that the entropy of the hairly black hole is always larger 
than the one of RN-AdS 4 black hole whenever the RN- 
AdS 4 black hole is unstable. An analytic calculation also 
shows that charge is extracted from the unstable black 
hole via the charged scalar field. 

The plan of our paper is as follows: In Sec. II, we 
investigate the lowest quasi-normal (QN) frequencies of 
RN-AdS 4 black holes both numerically and analytically 
near the second order phase transition. In Sec. Ill, we 
construct the hairly black hole solutions by solving the 
field equations perturbatively near the phase transition. 
The entropy of the hairly black hole is numerically cal- 
culated by using the first law of black hole. Conclusion 
and discussions arc devoted to Sec. IV. 
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II. QUASI-NORMAL FREQUENCIES NEAR 
THE SECOND ORDER PHASE TRANSITION 



We consider the Lagrangian density of Einstein- 
Maxwcll-scalar system in 4-dimcnsional asymptotically 
anti-de Sitter (AdS4) spacctimc: 



C = R +T2 - 



6 F ab F ab 



2 I i 1 2 

m \ip\ 



Da = V - iqA a , F ab := d a A b - d b A a (2.1) 

where L, m, and q are the AdS radius, the mass, and 
the charge of the complex scalar field, respectively. The 
equations of motion are given by 

D a D a 4> = m 2 V, (2.2a) 
V Q F b a = j b , 3a = iq [{D a ^)H - (D a ^}, (2.2b) 

r , 3(Jab 1„ „ c g ab 2 m2 |/|2 

Gab = — + ^F ac F b - — F - —\ip\ g ab 

- 9 -f\D^\ 2 + l -[D a ^{D b ^ + (A^) f A,# (2.2c) 

The simple solution of the equations are given by 
Reissncr-Nordstrom (RN)-AdS4 black hole solutions with 
various curvature of horizon. The metric is given by 



ds 2 



-f{r)dt 2 



dr 2 
W) 



r 2 dftt 



(2.3a) 



- , 2M p 2 r 2 
f(r) = k + + 

= -rr^( r - r +)( r - r -)( r2 +ar + b), (2.3b) 
a := r + + r_, b := fcL 2 + (r + + r_) 2 — r + r_, 
(r+ - r_)(r+ + ar + + b) 



T = 



4irL 2 r 



(2.3c) 



where dfl 2 , r + (f-), and T are the metric of 2- 
dimensional Einstein space with constant scalar cur- 
vature 2k (k = 0, ±1), the outer (inner) horizon ra- 
dius, and the Hawking temperature, respectively. The 
mass (charge) parameter M (p) corresponds to the total 
mass (charge) for k = 1 and the mass (charge) density 
for k = 0, — 1, respectively. These two parameters are 
rewritten in terms of r±, L, and k as 



= r + r_(kL 2 + (r + +r_) 2 -r + r_)^ 



M 



L 2 



{kL 2 + r 2 + + r 2 _), (2.4b) 



2L 2 

and the gauge potential is given by 

A^dx^ = §{r)dt = p ^— - - ) 



(2.5) 



We obtain the lowest quasi- normal (QN) frequencies of 
RN-AdS4 black holes by considering perturbation of the 



solutions. Since ip = on the RN-AdS4 solutions, the 
scalar perturbation decouples from the perturbations of 
the other fields. So, we solve Eq. (|2.2ap for the fixed 
metric (|2.3ap and the gauge potential (|2.5p . Near the 
horizon, ip behaves as 



L 2 r 2 



(r+ - r-){r\ 



ar + + b) ' 
(2.6) 



where u is defined by u := r+/r. From the retarded 
condition, we must impose the "ingoing wave" bound- 
ary condition: tp ~ ip_ on the horizon. Defining a new 
variable as 



%j:{t, u) = e 
Eq. (|2.2ap is written as 



! (1 



(2.7) 



\1 -u f(u) 
jut ( f'(u) jwi 



1-u 
u 4 f 2 (u) 



1 



f(u) 1-u 
(w + qA t ) 2 rt 



u 4 f(u) 



/(«) 



L 2 u 2 



= 0, 



(2.8) 



where a prime denotes the derivative with respect to u. 
In terms of this variable VP, the "ingoing wave" boundary 
condition is described by the regularity condition: 



^>(u) is regular at it = 1. 
Near the spatial infinity, ^ behaves as 



(2.9) 



vfr(u) = au A+ + C 2 U l 



± y/9/4 + L 2 m 2 , 



(2.10) 



where Breitcnlohner-Freedman (BF) bound @ is repre- 
sented by m 2 > —9/AL 2 . Since we arc concerned with 
the time evolution under which both the mass (or mass 
density) M and the charge (or charge density) p are con- 
served, we shall impose Dirichlet boundary condition at 
infinity : 



(2.11) 



According to the critical slowing down phenomenon, 
the lowest QN frequencies u should approach zero toward 



1 When — 9/4L 2 < m 2 < — 5/4L 2 , there are two normalizablc 
modes. So, imposing Ci = instead of C2 = is also possi- 
ble as the boundary condition. It is well known, however, that 
the boundary condition in which neither c\ nor C2 vanishes is 
unphysical since the spacetime is unstable [T3l . 
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the second order phase transition T = T c [l(| HH • This 
implies that one can expand the solution of Eq. (|2.8|l as 



(2.12) 



near the phase transition, where ^/q ( u ) is the marginally 
stable solution. Denoting the deviations from the phase 
transition as 

r + =r c + 8r +1 

7 = 7c + h, 

f(u) = f c (u) + Sf(u), 

$(it) = $ c (u) + 6$(u), (2.13) 

we write down the equations for ^o(u) and ^i(u) as 

£*o(w) = 0, (2.14) 



£(w*i)= ji(u), 



(2.15) 



where the differential operator £ and the source term ji 
are defined by 



£ := 



<iit 2 



/:(«) g , ?v 2 / V^m 

/ c (u) G?M U 4 f c (u) \ f c (u) 



(2.16) 



Re[j 



27 c w/ 



1 - u 

7c Wj /e(w) 



/'(«) 



u \/c( w ) 



/(«) 

2q 2 r c <5> 2 c {u) 



u±f c {u) \f{u) 



+ 



2qu R r 2 c 

«*/!(«) 

2m 2 r c <Sr + 
« 4 /c(«) 



*c(«) - 



2< ? 2 r 2 $ c (it)£$(i 



« 4 /c 2 («) 



Im[. ? i] := - 
2qw/r 2 



7c<^i? 

1 



2*{,(u) + 



*o(u), 



/cN 
fc(u) 



u 4 f 2 {u) 



$ c (m)^o(w) 



(2.17a) 



*o(w) 



(2.17b) 



for uj = Lop + iujj . To derive Eq. (|2.17[) , wc assumed that 
is a real function of u without loss of generality. 
To derive ui from Eq. (|2.15|) . let us define the inner 
product as 

( Va I rj) h ) := / ^ a (u)Mu)du (2.18) 



for any functions ip a satisfying both boundary condi- 
tions (|2.9p and (|2.11j) . Under these boundary conditions, 
the differential operator C := f c (u)C is shown to be an 
Hcrmitc operator and by Eq. (|2.14l) wc obtain 



7i 



C&i I *o ) = (*i I £*o } =0, (2.19) 



where ji(u) := f c (u)ji(u)/ui. The real and imaginary 
parts of Eq. (|2.19j) yield the lowest QN frequencies ui as 



2qr c ui f 1 <P c (u)^Z(u) 



*g(l) 



U 4 fc{u) 



(2.20a) 



1 gcWMW 



rfi/ 



/(«) 



/c(«){*g(«)}'du 



o u 
o u 4 f c (u) 



f{u) 



<S>l(u)du 



q 2 r 2 c 6^ 2 (u))~m 2 f 2 (u)5 



/(«) 



du. 

(2.20b) 



It is noteworthy that w is independent of the absolute 
amplitude of ^(l) and it is determined by solving only 
the leading order equation (|2.14|) . 

Hereafter, we shall fix L to L = 1. Then, from 
Eqs. (|2~3"c]l and ([2^]) , r± and T arc functions of M for 
given k and p. So, for the sake of later convenience, we 
shall define the deviation parameter from the second or- 
der phase transition as 



M c - M 
M r . ' 



(2.21) 



where M c is the mass at the critical temperature T = T c . 
Since M is locally a smooth function of k, p, and T, e 
approaches zero in the limit T —> T c . From Eqs. (|2.4[) 
5r± is related to e as 



<5r_ = — - 



;(fcL 2 + 3r 2 + 2r c r* +r* 2 ) 
r c {kL 2 + 3r* 2 + 2r c r* + r 2 ) 



Srj 



and 



5r + = — - 



(r c + r* c )(kL 2 + r 2 + rf)e 
[kL 2 + 3r 2 + 2r c r* + rf)(l - r*/r c ) 



(2.22a) 



, (2.22b) 



where r* is the inner horizon radius r_ at T = T c . To 
derive Eq. (|2.22|) , wc impose the condition that p is con- 
stant along the deviation. 

For a generic value of M both of the two boundary con- 
ditions (|2.9p and (|2.11[) are not necessarily satisfied, as 
Eq. (|2.14[) is the second order linear differential equation. 
By using Mathematica, we numerically scan through pos- 
sible values of M until the two boundary conditions are 
satisfied and find M c for given to, q, k, and p. Then, 
representing 6f, 8$, and <5r+ by e via Eqs. (|2.22j) and 
integrating Eqs. (|2.20j) numerically, we obtain cjj. 

Since all the deviations are proportional to e, u is also 
proportional to e, in agreement with the critical slowing 
down [l(| UH ■ We find that ujj becomes positive (nega- 
tive) for e > (< 0), independent of k, q, and to 2 . In 
Fig. 1 wc plot g-dcpcndcncc of the dimensionlcss quantity 
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Sr + 



2.5 - 



1.5 - 



0.5 - 




FIG. 1: (color online). The g-dependence of — r 2 cjj /8r+ is 
shown for various k in the case of m 2 = — 2/L 2 and p = 2. 
The star, box, and diamond represent k = 1, k = 0, and 
fe = — 1, respectively. 
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FIG. 2: (color online). The g-dependence of —r c ui /Sr+ is 

The 
and 



shown for several m in the case of k = and p = 60. 



star, box, and diamond represent m 



-2/L 2 



0. 



m = 7/4L , respectively. At the left edge of each plot, the 
RN-AdS4 black holes become almost extremal. 



—r 2 ujj/Sr + for various k in the case of to 2 = —2/L 2 and 
p = 2. In Fig. 2, we plot g-dependcncc of —T 2 uJi/Sr + 
for several m? in the case of p = 60. These figures 
show that RN-AdS4 black holes become unstable against 
the linear perturbation of the complex scalar field when 
T < T c (e > 0), 2 as e/6r + < 0, independent of k and 

2 

m . 

The charge current through the horizon is calculated 
by contracting j a in Eq. (|2.2b[) with the killing vector 
k a = (d t ) a , which is null on the horizon. By Eq. (|2.20al) . 



2 We assumed that e > for T < T c . This corresponds to the 
assumption that the specific heat of the RN-AdS4 black hole is 
positive at T = T c . 



we obtain 
i k a \ 

Ja 1 ^ |r=r c 



Aq r c uj I e 



2uj,t 



1 M«)*§(«) 



du, (2.23) 



>o u 4 f c (u) 

which shows that j a k a \ r — rc is positive when w/ > 0. This 
implies that charge extraction occurs from the RN-AdS4 
black hole when it is unstable. 



III. THE ENTROPY FOR HAIRLY BLACK 
HOLES 

In this section, we investigate the final fate of the in- 
stabilities found in Sec. II by calculating the entropy of 
the hairly black holes. We start by constructing the 
static hairly black hole solutions near the phase tran- 
sition. Near the phase transition, the equations of mo- 
tion (|2.2[) can be perturbatively solved since the scalar 
field ip is very small. To solve the perturbed equations 
easily, we adopt a coordinate system {T, y} where the 
location of the horizon is set to be y = 1. So, we shall 
take the following ansatz for the metric and the gauge 
field: 



ds 2 



-g(y)dT 2 



dy 2 

g(y) 



R 2 (y)dn 2 , 



A^dx 1 * 



4>{y)dT. 



(3.1a) 



(3.1b) 



Assuming that ip is real without loss of generality, the 
scalar and Maxwell equations (|2.2a[) and (|2.2b[) are re- 
duced to the two coupled differential equations: 

g 2 0V 2 
ip H = m ip, 



9 r 



(2gR> 



V R 



2R' 
IT 



!) 

2q 2 cpiP 2 

3 

9 



(3.2a) 



(3.2b) 



where a prime denotes the derivative with respect to y. 
The metric functions g and R are obtained by solving the 
Einstein equations (|2.2cl) : 



RT_ 
R 



q 2 (p 2 ^ 



~2' 



(3.3a) 



R! 
R ! 



k 

R 2 



2^ 



g_R^_ 

R 2 
a 2 



3 

L 2 



1 



12 



2„/,2 



-TO Ip 



(3.3b) 



As shown in Refs. we can expand the functions 

ip, g, R, (p, and temperature T near the second order 
phase transition as 

ip( y ) = e^Mv) + t 3/2 Mv) + ■ ■ ■ , 
g(y) = 9c(y) + egi{y) H — , 

R{y) = r c y + eR 1 {y) + -- - , 

4>(v) = Mv) + e Mv) + ~- > 

T(e) = T c + eTi + ■ • • . (3.4) 
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The zeroth order solutions g c (y) and <j) c {y) are simply 
given by the coordinate transformation: 



r = r c y, t = T/r 
of the RN-AdS4 black hole solution 



(3.5) 



as 



(3.6a) 



which does not contribute to the charge (or charge den- 
sity) ph of the hairly black hole solutions, p^ is given 
by 



Ph = p\l 



2cie r 2 c 3 e 



(3.13) 



up to the order O(e). So, equating p^ = p, we obtain the 
constant C3 as 



C3 



2cip 



(3.14) 



^ \ y 



(3.6b) 



Then, ^i(y), 0i(y), Ri(y), and 51 (y) obey the following 
linear differential equations: 



(y 2 g^'i) 



re \ y 



R'( = 



1 , , 91 , 1 
-5i + — + — 

y y r c 



„,2 



2 2g^j 
b c + -4> l = 

y 9c 



r c y ( q z r c n , , a 



(3.7) 



(3.8) 



(3.9) 



2gc 
y 



R\ R\ 
2" I 9 c 

y 2T . 



2kR 1 

r 3y3 



1 



171 ; 2 1 1 / /2 1 9 j.2 / 2 

— Vh + 2^^! + ^7-^1 > 



(3.10) 



where is the effective mass defined by 
M 2 (y) ;=m 2 -q 2 4>l/g c 



which can be negative Q. 

The solutions of Eqs. (|3.8p and 

by 



(3.11) 
are formally given 



dz 



Ri(y) = K(y) + ciy + c 2 

ny) 



£3 

9 5 

y 

(3.12a) 



(3.12b) 



2 



OO J OO 



+ r/jj (u>) ) wdwdz, 
(3.12c) 



where ci, C2, and C3 are integral constants. Note that 
ipi(y) is given by ^o(l/y), as Eq. (|3.7p is equivalent to 
Eq. (|2.14[) by setting y = 1/u. So, all solutions are de- 
termined by ^0 except the integral constants. 

Since ipi rapidly decays as tp = 0(y~ x ) (A > 3/2) near 
infinity, the first term of Eq. (|3.12ap decays as 0(y~ 3 ), 



The formal solution of Eq. (|3.10[) is given by 
.91 = — ["(Rl - R[y) U + **)dy-ir ^dy 

r c y Ji \ y J y Ji ny 



2yJi 



y 2 g c tp' 2 1 dy 



r i y y 2 ^l 



2y 



9c 



dy. 



(3.15) 



To read off the mass (or mass density) M from the met- 
ric p.la|) . we need to take the coordinate transformation 
T ->t: 



T = t(r c + Cl e) 



(3.16) 



so that the leading term of the metric (|3.1ap near the 
spatial infinity y — > 00 coincides with the asymptotic 
form of the metric (HOI) of RN-AdS 4 black holes: 



ds 2 



R 2 
L 2 



dt 2 



L?dR 2 



R 2 dnl. 



(3.17) 



Substituting Eqs. (|3~l2l and (|3"TT4"|> into Eq. ([335]) . we 
find that the asymptotic fall-off of —gtt component be- 
haves as 

t (u\ 2e x{tpi) 4?r(ci + c 2 )r c T c 
- 9tt = Jc(R) + = = e 



R 



R 



0(e 2 



R 



2M 



JJ + k -'-R + - + °^- 



(3.18) 



Here, \ is a complicated function of ipi and it vanishes 
when %px = 0. By Eqs. (|2.2ip and (|3.18[) . the combination 
of the constants c\ + c 2 is rewritten by x and M c as 



ci + c 2 



(3.19) 



Note that RN-AdS4 black hole solutions with mass (or 
mass density) M = M c (l — e) are automatically derived 
by setting Vi = x(^i) = 0. 

We calculate the entropy (or entropy density) S of the 
hairly black holes with the same mass (or mass density) 
M by using the first law (|A18[) for a fixed charge (or 
charge density) p near the critical temperature T c : 
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Integrating this differential equation under the relation 
5M = —M c 5e, we obtain 



S — S c - 



- Sie 
M c e 



S 2 e 2 + 
M c Tie 2 
23? 



0(e 3 



(3.21) 



This means that the difference of the entropy (or entropy 
density) between RN-AdS4 black hole and the hairly 
black hole appears at 0(e 2 ): 



AS 



e 2 M c 
~2T? 



■ATi = ShairlyBH ~ S 'rn - AdS^BH 



i? 2 (l) 

hairlyB H ) RN —AdSiBH = 0(e 2 ), (3.22) 

and the n R\(l )\hairi yBH = Ri{X)\rn — Ads^B h ■ Hence, 
by Eqs. (|3.12b[) and (|3.19[) . C\ + c 2 is rewritten by 1Z as 



ci + c 2 



-11(1) 



Mr 



2-KTrTr 



(3.23) 



As a check of numerical calculation below, we verified 
that the r.h.s. of Eq. (|3.19j) agrees with the r.h.s. of 
Eq. (|3.23p within the numerical error. 

We obtain the Hawking temperature T from the regu- 
larity of the Euclidean solution analytically continued by 
t — > it as 

= T c + £ (ffi(l) + ^3c(l)) e + 0(6 2 ), (3.24) 

where the critical temperature T c is given by T c = 
r c g' c {l)/4n. By using Eqs. (l3~T2l) . (13~T5T) . and (|3^31 . Ti 
in Eq. (|3.4p is expressed by 



1 

47T 



9ciy) 



ip'i (y) ydy 



i 



87r 2 T c r3 



q 2 (/>c(y)ipl(y)y' 
9c(y) 



A-KTrTr. + 



(3.25) 



The first term in the second equality corresponds to the 
difference of T\ between the RN-AdS4 black hole and the 
hairly one. Eliminating ip'-f term by Eq. (|3.7|) and using 
integration by parts, we finally obtain a useful expression 
for the difference ATi := Ti\ ha „ lyBH - Ti|_RAr-Ads as 



ATi = 

4 

1 



OO / 

(m 2 ^i -g' c ip[) — ydy 
9c 



(y-l)y fkL 2 i o , A^. 

(3.26) 

Note that the first integral does not diverge according 
to the boundary condition at the horizon; g' c (l)ip[(l) = 



AS, 
50 r 



30 - 



20 - 



10 - 








1 



FIG. 3: (color online). The g-dependence of AS2 for the 
solution of Eq. (|3.7j) normalized as tpiil) — 1 i n the case of 
m 2 

A: = 



-2/L , p — 2. The star, box, and diamond represent 



1, k = 0, and k = —1, respectively. 



By demanding that the critical temperature in 
Eq. (|2.3c[) is non-negative, we obtain an inequality 
fcL 2 /r 2 + 6 > 0, which guarantees the positivity of the 
second integral. So, by Eq. p.21j) . we observe that the 
negative part of the effective mass (|3.11|> . q 2 <j) 2 c /g Cl in- 
creases the entropy of the hairly black hole at the second 
order 0(e 2 ). 

If the hairly black hole appears as the final fate of the 
instabilities found in Sec. II, the entropy of the hairly 
black hole should be larger than the one of the RN-AdS4 
black hole according to the second law of the black hole. 
To check this, we numerically calculate the entropy dif- 
ference between the hairly black hole and the RN-AdS4 
black hole: 



ASn 



2\hairlyBH 



'2 RN—AdSiBH 



(3.27) 



by integrating Eq. (|3.26[) for various values of m 2 and 
k. Since we are only interested in the sign of AS2, we 
numerically calculate AS2 for the solution of Eq. (|3.7[) 
by normalizing as f/'i(l) = 1- 

In Fig. 3, we plot AS2 for various q and k in the case of 
m 2 = —2/L 2 and p = 2. Fig. 4 shows the g-dependence 
of Log 10 (AS , 2) for various m 2 in the case of k = and 
p = 60. Both figures indicate that AS2 is positive, inde- 
pendent of the mass m 2 , charge q, and curvature k. 

We also give a further evidence that the hairly black 
hole constructed above appears as the end state of the 
instabilities found in Sec. II by calculating charge den- 
sity p outside the black hole horizon, p on T = const. 
hypersurface E is calculated at O(e) as 



- . „ 9 q 2 My) l2 2eq2 P\}- l yj , 2 , v 

p = j a n = 2e j== ipi = p== ipi{y) > 0, 



V9c(y) 



W9c(y) 



(3.28) 



where n a is the past directed unit normal vector on E. 
So, positive charge is distributed outside the hairly black 
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log(AS 2 ) 

5 r 




1 - 



FIG. 4: (color online). The g-dependence of Log 10 (A5 , 2) for 
the solution of Eq. (|3.7[) normalized as ^i(l) = 1 for various 
in 2 in the case of k — 0, p = 60. The star, box, and diamond 
represent m 2 = — 2/L 2 , m 2 = 0, and m 2 = 7/4L 2 , respec- 
tively. At the left edge of each plot, the RN-AdS4 black holes 
become almost extremal. 



hole. This agrees with the result (|2.23[) . where the pos- 
itive charge is shown to be extracted from the horizon 
via the complex scalar field when RN-AdS4 black hole 
becomes unstable. 



IV. CONCLUSION AND DISCUSSIONS 

We have investigated instability of RN-AdS4 black 
holes with various topologies against perturbation of 
charged scalar fields with various masses near the sec- 
ond order phase transition. Near the phase transition 
where the scalar field begins to condense, all fields are 
expected to evolve very slowly according to the critical 
slowing down [lj| H3. So, WG obtained a useful expres- 
sion for the lowest QN frequencies of the RN-AdS4 black 
holes by solving the scalar field equation (|2.8|l pertur- 
batively around the the phase transition. It is numeri- 
cally shown that RN-AdS4 black holes become unstable 
against the perturbations below the critical temperature 
T c . By Eq. (|2.23|) . we found that the charge extraction 
occurs from the RN-AdS4 black holes during the unstable 
evolution. 

To see the final fate of the instabilities, we have also 
constructed the black hole solutions with the scalar hair 
by solving the field equations (|2.2[) perturbatively around 
the the phase transition. We found that the negative part 
of the effective mass M 2 of the scalar field (|3.11[) in- 
creases the entropy. The numerical calculations indicate 
that the entropy of the hairly black holes is always larger 
than the one of RN-AdS4 black holes in the microcanon- 
ical ensemble whenever RN-AdS4 black holes are unsta- 
ble. As indicated in Eqs. (|3.28[) and (|2.23|) . the positive 
charge density outside the hairly black hole is extracted 
from the RN-AdS4 black hole. These facts suggest that 
the hairly black holes are the final fate of the instabilities 
of RN-AdS4 black holes, independent of the topology of 



the horizon and mass of the scalar field. So, this is a 
universal feature of the charged complex scalar system. 

Since the charge is extracted from the RN-AdS4 black 
holes, the instability against the complex scalar field is 
very similar to the superradiance phenomenon where en- 
ergy is extracted from a rotating black hole. The unsta- 
ble modes inspired by superradiance were recently found 
in Kerr-AdS black hole [15[ only when the Einstein uni- 
verse at the AdS boundary rotates faster than the speed 
of light. This is due to the fact that a global timclikc 
killing vector field does not exist in the rapidly rotating 
case also claim that there is no un- 

stable mode for any linear perturbation equation when 
spacetime possesses a global timelike killing vector field 
k a = (dt) a and the energy current J a := —T a f,k satisfies 
the conservation law V a J a = and the dominant energy 
condition., i.e., J a V a < for any future-directed timclikc 
vector V a . 

At first sight, this seems to contradict the unstable 
modes found in this paper, as they satisfy the dominant 
energy condition for m? > and RN-AdS4 spacetime 
possesses the global timelike killing vector field k a . How- 
ever, the energy current J a of the scalar field is not con- 
served for the fixed gauge potential A a in Eq. (|2.5|) . as 
easily checked. This does not satisfy one of the condi- 
tions of the claim mentioned above. Thus, energy can be 
transferred from the gauge field into the charged scalar 
field, like particle creation by an external field. 

In the asymptotically flat case, the superradiance scat- 
tering by a complex scalar field occurs for RN black holes 
and the reflected wave is amplified by the scattering po- 
tential [HI . The condition for its occurrence depends on 
the sign of the gauge coupling q. In this sense, the insta- 
bilities found in Sec. II is different from this usual picture 
of superradiance since wj in Eq. (|2.20b[) does not depend 
on the sign of q. A detailed analysis would be necessary 
in this direction. 

In this article, we restrict our interest into the pure- 
electric case. As shown in Ref. [l4|, the plane-symmetric 
RN-AdS4 possesses an inhomogeneous scalar hair with a 
vortex lattice structure under the probe approximation 
when magnetic field is included. It is one of interesting 
directions of our research to investigate what happens 
when the back-reaction of the inhomogeneous scalar field 
onto the geometry. 
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Appendix A: The first law of black hole 
thermodynamics 

In this appendix, we verify that the first law of ther- 
modynamics holds for the asymptotically anti-de Sitter 
black hole with the complex scalar hair tp, for any value 
of k of the 2-dimensional Einstein space. To do so, we 
follow the method developed by Wald and collaborators 
[T{|. Although it can be applicable to rotating black 
holes, for simplicity, we focus on the static black holes 
with the 2-dimcnsional Einstein space of constant curva- 
ture. 

We start with the variation of e ClC2CaC4 C(g ab , A ai ip), 
which is written as 

S \e clC2C3CA C{F)) = s ClC2CaCi V h 5F), (Al) 

where £ ClC2C3C4 is the volume element of the spacctime, 
T denotes the field variables g ab , A a , and ip, collectively. 
Q b (J-, 5J-) in Eq. (|A1|) is derived for the Lagrangian 
density (|2.ip as 



that becomes null at the horizon, and S to be a space- 
like hypersurface connecting the spacial infinity and the 
bifurcation surface B of the black hole horizon, which we 
assume to exist. 

Thus, the boundary <9£ includes the whole (in the case 
of k = 1) or a portion (for k = and k = —1) of B and 
the 2-dimensional Einstein space at infinity. In addition, 
in the case of k = or k = —1, there are other parts of 
the boundary, because the 2-dimensional Einstein space 
is not closed. However, in this case, we respect the isome- 
tries of the 2-dimensional Einstein space in choosing S, 
and impose a periodic boundary condition at these parts 
of the boundary. Then, the contribution from these parts 
of the boundary vanishes in Eq. (|A11[) . 

We define the total mass (for k = 1) or the mass den- 
sity (for k = and k = —1) of the black hole, which we 
denote as M, by 



M 



1 



4^2 Joo 2 



1 



&bacd 



}\l ) {F,k) + 2k^B a HF) 



O b (T,8F) = e b {g) (T,ST) + O b (A) (T,SF) + Q b m (F,6F), whcrc B "( J ) is dcfined h y 



(A12) 



'(A) 



where 



% ) (?,6F)=g cd V b 5g at -V c 8g 



(A2) 

(A3) 
(A4) 



9\ A) (F,67) = -F bc 5A c , 
e b M (T,8T) = -(£>y><^t _ (Dfyjtty. (A5) 

When the variation S is given by infinitesimal diffeo- 
morphism, i.e., the Lie derivative L v along an arbitrary 
vector rj a , the current J b {F : rf) defined by 

J b (J\ rf) = 6 b ( J", L n T) - rf L(T) (A6) 

is conserved on shell, and we can find the Noether poten- 
tial g ba (J r ,?7) of J b {T,ri), such that 

AJ-^V^GF,??). (A7) 

For the Lagrangian density (|2.ip . Q ba (J : ,ri) is derived as 



sf e bacd k b B a {F)= [ e bacd k b Q a (g) {T,5F), (A13) 

J oo J oo 

and W2 is the area of the whole (for k = 1) or the portion 
(for k = and k = —1) of the 2-dimensional Einstein 
space with the metric rf£l| . It has been shown [2l| that 
the mass defined by Eq. (|A12|) coincides with other var- 
ious definitions of mass. The electric charge (or charge 
density) p of the black hole is defined as 



-1 f I F F b « 

W2 Joo 2 



(A14) 



where 



Q ba (T 7V ) = Q h ^(T, V ) + Q\ a A) (T,v), (A8) 



^(J.^VV-VV, (A9) 



and the static potential is given by —k a A a , as usual. The 
gauge invariant quantity associated with the static poten- 
tial, in the first law of black hole thermodynamics, is the 
difference of its value between the horizon and infinity. 
Since k a = on £>, this quantity is shown, in a regular 
gauge, to coincide with the chemical potential fi of the 
field theory, due to AdS/CFT, as 

(- k a A a \ B ) - (- k a A a U = kTA*^ = p. (A15) 



Q ba A) (F, V ) = F ab A c r ) c , 



(A10) 



and the contribution to Q ba (F, rf) from the scalar field is 
absent H^. 

In particular, when rf is a Killing vector £ a , one can 
show 

= 5 f I e bacd Q ba (F, + f e bacd ^6 a (^, 8F), 

JO'S Z JdY, 

(All) 

for an arbitrary hypersurface S. In order to derive the 
first law, we choose as £ a the timelike Killing vector k a 



Furthermore, for the boundary condition Eq. (|2.11[) of 
the scalar field, ip ~ r ~ A+ , and we have 



e bac d k b Q a w (F,6F) = 0(r- 2A ++ 3 ), (A16) 



which shows that the contribution of the scalar field at 
infinity vanishes since A + > 3/2. 

Therefore, by defining the entropy (or entropy density) 
S of the black hole as 

TS=^- [ \ e bacd Q ba (T 7 k), (A17) 
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and noting k^ a F bc \ = and the fact that k a vanishes on While one can explicitly derive Eq. (|A18|) for the RN- 
B, we obtain the first law as AdS4 black hole, from Eqs. (|2.3cj) . (|2.4p . and (|2.5p . it is 

satisfied also for hairy black holes. 

T5S = 6M-f^ 6 P . (A18) 
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